Abstract--The neutron diffusion equation has been solved for cones and finite wedges. Criticality conditions are derived linking the dimensions of the cones and wedges to the nuclear properties of the system. The fundamental mode flux is evaluated numerically for a number of cases. We have also discovered an interesting minimum in the leakage rate as the cone or wedge angle passes through a certain value for a fixed volume. Some practical implications of this result are pointed out.
l. INTRODUCTION (called the diffusion equation in reactor physics) in
Solutions of the diffusion equation in nonstandard spherical coordinates as :
geometries are ofintrinsic interest but also ofpractical 1 O [ 2g~b'~ 1 ~ sm0~0 +B ~b=0, value since the results may be used to check the accur~r~ r ~r)+r2sinO~O racy of computer codes. With this in mind we present some solutions of the equation (Glastone and Edlund,
1953):
where we note that ~b = e~ (r,O) , 0 being the angle V2~b + B 2~b ---0,
measured with respect to the z-axis. There is no dependence on the azimuthal angle due to symmetry. subject to zero flux on the boundary for nonreentrant
The boundary conditions are : cones and wedges.
Our solutions are given analytically and we present (a) the flux is everywhere finite, (3) the flux distribution and the critical condition in terms of the physical dimensions of the cone or wedge. These (b) q~(r, 00) = 0, where R0 is the cone radius and 00 is its half-angle. We In addition to obtaining analytical solutions, we are restrict 00 < n/2 because we wish to avoid reentrant able to show that, for a given buckling, the critical conditions. However, values of 00 > n/2 could have cone volume and corresponding surface area exhibit physical significance if it is assumed that the volume a minimum for a certain value of the cone angle, contained within the reentrant line-of-sight region is Similarly, for a fixed critical volume, the buckling has black to neutrons. a minimum at a particular cone angle. Analogous
Using the standard procedure of separation of varibehaviour arises for wedges, ables, we can write the solution to equation (2) which satisfies condition (3) as : 1. where e is a small number. The greater the value of 0, As an indicator of the overall accuracy of equations the more accurate is equation (8). (10) and (13) we note that an accurate determination
SOLUTION OF THE DIFFUSION EQUATION FOR
Neglecting the term of O(v 3/2) and applying con-of BR o for 00 = 1.8 ° leads to BRo = 80.53, whilst the dition (7) we find approximation yields BRo = 82.39, an error of 2.3%.
n As 0o increases, this error progressively becomes (v + ½)00 + ~ = nn, n --0, 1,2 .... (9) smaller, e.g. at 0o = 13.22 °, the error is 2.1% and at 00 = 54.73 ° it is -0.7%. Thus our empirical result The fundamental mode arises when n = 1 (n = 0 corwould appear to be a useful approximation for bare responds to negative v) and thus :
cones.
In some calculations, it is more practical to select 3rt 1 v -40o 2" (10) an integer value of v and find the corresponding value of 0o from the equation : By comparison with an exact calculation, it may be P~(cos 00) = 0. shown that this formula is accurate to better than 2% even for 00 = 1.8 °. It becomes progressively more Such roots are simply the Gauss-Legendre quadaccurate as 0o increases being exact for 0 o = n/2. rature points and are known very accurately. With an The flux can now be written as :
integer value of v it is easy to find the roots of A Jv+t/2(BRo), dp(r,O)-=-~rJ3~(Br)e3~ 1(cos 0).
(11) 400 400 5 from the tables in Abramowitz and Stegun (1965) . We shall adopt this procedure in our comparison with the Finally, using equation (5), we have :
finite element method to be described below and give some illustrative results in Table 1 b.
40~
which yields the critical condition between B and the Table lb . Exact roots and half-angles for physical dimensions of the cone. cone The roots of equation (12) BRo = 3.07250ff°'9415 +2.5076.
(13)
Optimum size of cone 3o
Let us assume that we have a cone of fixed buckling, i.e. fixed net leakage, and require to know how the volume and surface area vary with 0o.
The volume of a cone is given by the expression: 25
Using the empirical relationship (13) for Ro as a func-% tion of 0o (remember that B is fixed), we find that the 2o volume is :
15 where ~, fl and 7 are given in (13).
It is readily shown that V(Oo) has a minimum at 1o 2o 30 4o 5o 6o 70 8o 00 = 0.5259 (30.132°). Similarly, the surface area of 8otdegr~sl the cone which is given by : Fig. 2 . The variation of the buckling with cone half-angle,
(16) 00, for a fixed volume; the ordinate is in arbitrary units.
also has a minimum at 00 = 0.559 (32°). Both V(Oo) and S(Oo) are shown in Fig. 1 as functions of 0o.
Let us now consider a cone of constant volume and
Flux distribution in a cone
examine the buckling as a function of 00. Using the earlier formulae we readily find that : To illustrate the flux shape in the cone, we consider the following parameters: 0o = ~/6 (30 °) and hence x~ 2/3 BRo = 8.182561, from Table 1. We also note that B2(0o) = \~j (~0J+7)2(l-cos0o) 2'3. (171 v = 4 and thus the flux distribution is from equation (6): This is illustrated graphically in Fig. 2 and exhibits a minimum at 00 ~-n/6. Clearly there is a critical value " ( n " y,,2 of cone angle which minimizes the leakage. The possi~b(r, 0) = \2B-rrJ Jg/2(Br)P4(cos 0).
bility of using such a phenomenon as a reactor control device should be noted.
The flux is given in Table 2 for 0 = 0 for various values of the ratio r/Ro. We note that a maximum arises at r = 0.685R0. It is also interesting to examine the 220 angular variation of the flux which follows the function P4(cos 0). The values of P4(cos 0) for a range of 21o --VtOo) 
(e) ~b(r, 0, 0) = 0,
(f) 0(r, 0, H) = 0.
0 are shown in Table 3 . The flux is not precisely zero Using separation of variables, we find that the soluat 0 = 30 ° due to the approximate formula for v of tion can be written : equation (10). In fact, it is zero at the smallest root of P4(cos0)= 0, i.e. 0 = 30.55559 °. The fluxes are dp(r,O,z) = CJu,(Brr)sin(plO)sin (B,z) , (26) illustrated graphically in Fig. 3 . 
Generalsolution andeigenvalues (H)2
The diffusion equation for a wedge of finite height B 2 = = B 2 B 2. J~oo(BrRo) = 0.
(29) where ~b = ~b(r, 0, z).
We assume that one face of the wedge is in the plane Thus we have a relation between the physical dimen-0 = 0 and the other in the plane 0 --00. The wedge is sions of the wedge and its nuclear properties, B 2. From tables of zeros of Bessel functions we can obtain namely FELICIT (Wood and Williams, 1984; Wood, 1986) and EVENT (De Oliveira, 1986 . A fea-H 0b
ture of TRIPAC, as of its precursors, is its ability to handle complex geometries, and the two conwhere a, b and e are defined by equation (30). As Fig. figurations considered in this paper provide an inter-4 shows, the radial buckling has a minimum and by esting test of this aspect of the code's capabilities. The differentiation of equation (31) we find:
numerical solutions that we give also provide useful benchmarks for proving other techniques and com---= 83.15 °. (32) puter codes for which the claim of geometrical flexibility is also advanced. In this paper we are concerned with diffusion theory, i.e. P,/P~ solutions, but of
Flux distribution in a wedge
course TRIPAC is also capable of providing higherorder transport solutions, namely, P,/P/. For 00 = ~z/4, we find that the flux distribution can Two cases of the cone are considered, and two of be written: the wedge. Four-group linear anisotropic scattering rcz) data is used for the homogeneous systems. The data
is based on the simple HTGR core data used by White and Frank (1987) . Our data is listed in Appendix A; where B_ = 7t/Hand BrRo = 7.58834. the corresponding value of materials buckling is The maximum value of q~ along the radial direction Bm2ax = 1.9701604 × 10 2. In the computations, iterarises when:
ations are continued until the eigenvalue (kc~) and eigenvector have converged, respectively, to 10-6 and
10-5. Also the eigenvector is normalized to unit fission dr neutrons produced in the system, i.e.
which leads to Brrmax = 5.31755, i.e. rma x ~---0.70075R0. 1 ['~' Of course, in the axial direction, the maximum is at k~ JJdEd~' ~Zj ~b(E, r) = 1. z = 11/2 and in the 0-direction at 0o/2.
In the case of the wedge, the eigenvalue is actually normalized to 1/'4 of the total volume--this is explained below. It is perhaps worth mentioning that this particular data has the fundamental and next 15e lower eigenvalue close together (White and Frank, 1987) . Thus, unless a power iteration convergence acceleration scheme is employed in the code, a large number of iterations may be necessary to produce the accuracy we quote in TRIPAC, outer iteration
-, acceleration is achieved by Chebyshev extrapolation.
The cone
The cone is solved in R-Z geometry using 81 quadratic elements. The element mesh employed is illus-50 trated in Fig. 5 . The exact and TRIPAC results are I t I I I t L I I I I t I I I J compared in Tables 5 and 6 . Clearly, the agreement ~o 40 6o 80 leo lzo 14o 16o is excellent. The flux distribution along the z-axis of
the smaller cone is shown in Fig. 6 . Fig. 4 . Variation of radial buckling B, 2 with wedge angle 0o Figure 7 shows the variation of critical volume of for constant volume; the ordinate is in arbitrary units, a cone for fixed buckling as a function of the cone 
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